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$A=(a_{r}.)_{1\leq r,*\leq n}\in M_{n}(R)$ ( $i$ , ,
$r_{1}^{j}:A$ $i$ $a$
$c_{j^{*}}:A$ $i$ $a$
$A^{1j}:A$ $i$ $i$ $(n-1)x(n-1)$
.




$A=(\begin{array}{ll}a_{11} a_{12}a_{21} a_{22}\end{array})$ ,
$|A|11=a_{11}-a_{12}a_{22}^{-1}a_{21}$ , $|A|_{12}=a_{12}-a_{11}a_{21}^{-1}a_{22}$ ,
$|A|_{21}=a_{21}-a_{22}a_{12}^{-1}a_{11}$ , $|A|_{22}=a_{22}-a_{21}c\iota_{11}^{-1}a_{12}$.
1576 2008 11-28 11
Remark. :
$|A|_{11}=|_{a_{21}a_{22}}^{\fbox{ }a_{12}}|=a_{11}-a_{12}a_{22}^{-1}a_{21}$
Proposition 2. $|A|_{ij}^{-1}$ , $A^{-1}$ ;
$A^{-1}=(|A|_{ji}^{-1})_{1\leq i,j\leq n}$





Example 3. $A=(\begin{array}{ll}1 ij k\end{array})\}_{-}^{}*\backslash 1$ ,
$|A|_{11}^{-1}$ $=$ $(1-i \cdot k^{-1}j)^{-1}=(1+ikj)^{-1}=\frac{1}{2}$
$|A|_{21}^{-1}$ $=$ $(j-k \cdot i^{-1}1)^{-1}=(j+ki)^{-1}=(2j)^{-1}=-\frac{j}{2}$
$|A|_{12}^{-1}$ $=$ $(i-1 \cdot j^{-1}k)^{-1}=(i+jk)^{-1}=(2i)^{-1}=-\frac{i}{2}$
$|A|_{22}^{-1}$ $=$ $(k-j . 1^{-1}i)^{-1}=(k-ji)^{-1}=(2k)^{-1}=- \frac{k}{2}$
$A^{-1}= \frac{1}{2}(\begin{array}{ll}1 -j-i -k\end{array})$
$Exarr\iota plc4$ .















$n$ A $=(\text{ _{}\backslash j})$ , .
, [$GKLLRT\ovalbox{\tt\small REJECT}$
Theorem 5. $\ovalbox{\tt\small REJECT}$0KL $RT7^{A=}(a_{ij})\in M(n, R)$ , 2
;




$a\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} a\ovalbox{\tt\small REJECT}_{2_{1)}}a_{\backslash !_{2}^{-})}$
$\ovalbox{\tt\small REJECT} 20$
$1$ )






$=(a!jk))$ $\Phi_{i}(\lambda)$ , Ca Z m
.
$-\ovalbox{\tt\small REJECT}(\begin{array}{llll}O_{(1)\text{ }} 0_{(2\text{ }} \ddots q_{\text{ })\text{ }}\end{array})$ )
P oo $C_{(i}$ , $=1,$ $\ovalbox{\tt\small REJECT} n$ ) , (2) . (2) $\ovalbox{\tt\small REJECT}$
$a\ovalbox{\tt\small REJECT}^{\text{ _{}-\text{ ^{}C_{(i\text{ }k}a}\ovalbox{\tt\small REJECT}^{-k)}=0}^{n}}$
$=1$
$(i,j=1, \ovalbox{\tt\small REJECT} n)$ , (3)
( $C^{\ovalbox{\tt\small REJECT}}’\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$ $a=@1n_{\ovalbox{\tt\small REJECT}},$
13
$\Phi_{i}(\lambda)$ (4) ( . (3) , $i$
$\Phi_{i}(\lambda)$ $=$ $|$ $k_{1}c_{\text{ _{}k}a}\ovalbox{\tt\small REJECT} r^{-}a_{\backslash 1^{-}}^{(1)}a_{\backslash 1}^{(0)}n.\cdot.k$
)









$=1\ovalbox{\tt\small REJECT} \text{ _{ }}$
, .
Corollary $1_{\text{ }}$ r , $1$ 4e 6 $\Phi_{\backslash }(\lambda)$ , $\Phi_{i}(\lambda)$
$\lambda^{n}$ $k_{1}C$ $k$ $n$ .. , 4 0 – $i$1$t\ovalbox{\tt\small REJECT}$
r $i$ $C_{\text{ }k}=Ck$ $\Phi_{:}(\lambda)$ , $\Phi_{i}(\lambda)$ $=1,$ $\ovalbox{\tt\small REJECT} n$)
$\Phi(\lambda)$ .
, ;
Corollary $2_{\text{ }}$ \mbox{\boldmath $\theta$} 4 , $\Phi_{\backslash }(\lambda)$ $i$
, 0 $y$ $Ham$ on .
Eample $6_{\text{ }}$ $L_{q}(n)$ generator $A_{q}=(a:j)$ , yley-Hamilton
( Cayley-Ramilton ) IGKLLRT]. $n=2$
,




$A1-(q$ $\ovalbox{\tt\small REJECT}(^{q}3^{\text{ }}91)2$ $=$
, ;
$\Phi_{1}(\lambda)$ $=\lambda^{2}-(a_{1}+9^{\ovalbox{\tt\small REJECT}}1\text{ _{}22})\lambda+q^{-1}\text{ _{}11}\text{ _{}22}-q^{\ovalbox{\tt\small REJECT}}\text{ _{}12}a_{21}2$
$\Phi_{2}(\lambda)$ $=\lambda^{2}-(qa_{11}+a_{22})\lambda+qa_{11}a_{22}$ $a_{12}a_{21}$ .




$x_{1X},$ $\ovalbox{\tt\small REJECT}$ , $x$ $R$ , $va_{ndermonde}$ quasidetermina :
$V(x_{1},$ $. x)=|\begin{array}{lll}\text{ ^{ }}1 \ovalbox{\tt\small REJECT} \fbox{}\text{ }\text{ _{}1} X\text{ }1 \ovalbox{\tt\small REJECT} 1\end{array}|$
De nition $3_{\text{ }}$ ( )
$\ovalbox{\tt\small REJECT}$ $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT})^{-1}$ . $2\in R$ (2) $=$
$1,$ $\ovalbox{\tt\small REJECT} n$ ) .
($f=\ovalbox{\tt\small REJECT} n$ $x$) $17)$
le 7, $n=2$ ,
$f$ $=$ $|^{\fbox{}x}|\text{ _{}+}|_{\fbox{}1}^{x_{1}}x|1$
$=$ $(x_{1}$ $x_{2})^{\ovalbox{\tt\small REJECT}}1z+(1-xJ^{1}x_{1})^{\ovalbox{\tt\small REJECT}}1$
$=$ $(x_{1}x_{2})^{-}1+(\text{ _{}2- _{}1})^{\ovalbox{\tt\small REJECT}}1x_{2}$
$=$ $(x_{1}-x_{2})^{-1}($ $x_{2})$ ,
Lemma 1. , $\ovalbox{\tt\small REJECT}$ , , $2\in R$ , .
(1) $X^{j}f1($ $)+X^{j}$ (2) $\ovalbox{\tt\small REJECT}$ $fn($ $=2^{j}$ ($j=0,1$ , $n-1$ )
(2) $(x_{j})=\text{ _{}\backslash j}$
Theorem 8( ). 2, $x_{1},$ $\ovalbox{\tt\small REJECT}$ , $x_{n}\in R$
$V(x,$ $\ovalbox{\tt\small REJECT} x,$ $Z=0$ , :
$|$ $n^{1}x_{1}$
$n_{1}$
$\underline{n}_{1}$ $(m=0,$ $n, n+1,$ $)$ (5)
, quasideterminant $Sylvestersidentity$ ( ).
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(5) , $=$-





, 2 $A=(a_{1j})$ , $a:_{1},$ $\cdots x_{n}$ ,
$V(x_{1}, \cdots x_{n},A)=0$




















’ $x_{2}=(0 0)$ ,
$P_{1}$ $=$ $f_{1}(A)= (2i -2i)A=\frac{1}{2}$ $k1$ $-k1)$
$P_{2}$ $=$ $f_{2}(A)=\{-(2i -2i)\}^{-1}\{$ $A$ $(2i -2i)\}=\frac{1}{2}(\begin{array}{ll}1 k-k 1\end{array})$ .
$P_{i}^{2}=P:,$ $P_{i}P_{j}=0(i\neq j),$ $P_{1}+P_{2}=E$ .
, $A$ . ,
exp $tA=$ $(\exp tx_{1})F_{1}+(\exp tx_{2})P_{2}$
$(e^{2it} e^{-2\cdot t})\frac{1}{2}(\begin{array}{ll}1 -kk 1\end{array})+ (1 1)\frac{1}{2}(\begin{array}{ll}1 k-k 1\end{array})$
$\frac{1}{2}(\begin{array}{ll}e^{2\cdot t}+1 -e^{2}{}^{t}k+ke^{-2it}k-k e^{-2\cdot t}+1\end{array})$
$(\begin{array}{ll}e{}^{t}cost e{}^{t}sintje^{-\cdot l}sintj e^{-it}(ios^{\backslash }t\end{array})$ $\in Sp(2)$
Remark.
$x_{1}=(2i 0)$ $x_{2}=(0 -2i)$
, $[A, x_{1}]\neq 0,$ $[A, x_{2}]\neq 0$ , $fi(A),$ $f_{2}(A)$ .




$\theta_{2}$ $[x_{\mu}, x_{\nu}]=[x_{\mu}, \theta_{\alpha}]=\{\theta_{\alpha}, \theta_{\beta}\}=0$ $(\mu, \nu, \alpha, \beta=1., 2)$ .





$\Phi_{1}(\lambda)=|\begin{array}{lll}x_{1}^{2}+\theta_{1}\theta_{2} (x_{1}+ix_{2})\theta_{1} \fbox{}\lambda^{2}x_{I} \theta_{1} \lambda 1 0 1\end{array}|=\lambda^{2}-(x_{1}+ix_{2})\lambda+ix_{1}x_{2}-\theta_{1}\theta_{2}=0$
, $\lambda=\alpha_{1},$ $\beta_{1}$ , ,
$\alpha_{1}=x_{1}+\frac{\theta_{1}\theta_{2}}{x_{1}-ix_{2}}$ , $\beta_{1}=ix_{2}$ $\frac{\theta_{1}\theta_{2}}{x_{1}-ix_{2}}$
,
$\Phi_{2}(\lambda)=|\begin{array}{llll}(x_{1} +ix_{2})\theta_{1} \theta_{2}\theta_{1}-x_{2}^{2} \fbox{}\lambda^{2} \theta_{2} ix_{2} \lambda 0 l l\end{array}|=\lambda^{2}-(x_{1}+ix_{2})\lambda+ix_{1}x_{2}+\theta_{1}\theta_{2}=0$
, $\lambda=\alpha_{2},$ $\beta_{2}$ , ,
$\alpha_{2}=x_{1}-\frac{\theta_{1}\theta_{2}}{x_{1}-ix_{2}}$ , $\beta_{2}=ix_{2}+\frac{\theta_{1}\theta_{2}}{x_{1}-ix_{2}}$ .
;
$y_{1}=x_{1}+ \frac{\theta_{1}\theta_{2}}{x_{1}-ix_{2}}$ , $y_{2}=x_{2}- \dot{\iota}\frac{\theta_{1}\theta_{2}}{x_{1}-ix_{2}}$ ,
$\omega_{1}=\frac{\theta_{1}}{x_{1}-ix_{2}}$ , $\omega_{2}=-\frac{\theta_{2}}{x_{1}-ix_{2}}$ .
,
$Q=(\begin{array}{ll}x_{1} \theta_{1}\theta_{2} ix_{2}\end{array})=(\begin{array}{llll}y_{1}+\omega_{1}w_{2}(y_{1} -iy_{2}) \omega_{1}(y_{1} -iy_{2})-\omega_{2}(y_{l} -iy_{2}) iy_{2}+\omega_{l}\omega_{2}(y_{1} -iy_{2})\end{array})$
,
$\alpha_{1}=y_{1}$ , $\beta_{1}=iy_{2}+2\omega_{1}\omega_{2}(y_{1}-iy_{2})$ ,
$\alpha_{2}=y_{1}+2\omega_{1}\omega_{2}(y_{1}-iy_{2})$ , $\beta_{2}=iy_{2}$
, $(1+2\omega_{1}w_{2})^{-1}=1-2w_{1}\omega_{2}$ , $=$ ,
$P_{1}=f_{1}(Q)$ $=$ $(\alpha_{1}-\beta_{1} \alpha_{2}-\beta_{2})1(\begin{array}{ll}x_{1}-\beta_{1} \theta_{1}\theta_{2} \prime ix_{2}-\beta_{2}\end{array})$
$(\begin{array}{lll}1+ \omega_{1}\omega_{2} \omega_{1}-\omega_{2} \omega_{1}\omega_{2}\end{array})$
$P_{2}=f_{2}(Q)$ $=$ $(\beta_{l}-\alpha_{1} \beta_{2}-\alpha_{2})(\begin{array}{ll}x_{l}-\alpha_{1} \theta_{1}\theta_{2} ix_{2}-\alpha_{2}\end{array})$
$(\begin{array}{ll}-w_{1}\omega_{2} -w_{1}\omega_{2} 1-\omega_{1}\omega_{2}\end{array})$ .
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exp $Q=$ $(e^{\alpha_{1}} e^{\alpha}’)f_{1}(Q)+(e^{\beta_{1}} e^{\beta_{2}})f_{2}(Q)$
$(e^{y_{1}} e^{l\iota+2u_{1}\omega,(y_{1}-|lz)})(\begin{array}{lll}1+ w_{1}\omega_{2} w_{1}-\omega_{2} w_{1}\omega_{2}\end{array})$
$+(e^{|y_{2}+2w_{1}w_{2}(y_{1}-i_{W})} e^{iy*})(\begin{array}{ll}-w_{1}w_{2} -w_{l}\omega_{2} 1-\omega_{1}w_{2}\end{array})$




str $(\begin{array}{ll}A BC D\end{array})$ $=$ tr $A-trD$,









$a^{t}$ . $[a, a\dagger]=1$ . , number operator $N$ $N=a\dagger a$ .
19
$A=\sqrt{2}(\begin{array}{lll}0 a 0a\dagger 0 a0 a\dagger 0\end{array})$ ( ) .
$A^{2}=2(\begin{array}{lll}N+l 0 a^{2}0 2N+1 0(a\dagger)^{2} 0 N\end{array})$ , $A^{3}=2\sqrt{2}(2N$ $+001)a^{\uparrow}$ $(2N-1)a(2N+3)a_{\dagger}0$ $(2N00+1)a)$
,
$\Phi_{1}(\lambda)=.|2(N+1)001$ $2\sqrt{2}(2N+3)a\sqrt{2}a002a^{2}\lambda^{2}000$
, $\lambda=\pm\sqrt{2(2N+3)},$ $0$ ,
$\Phi_{3}(\lambda)=|2(a^{t})^{2}000$ $2\sqrt{2}(2N-1)a\dagger\sqrt{2}a^{1}0020N\lambda^{2}01$
, $\lambda=\pm\sqrt{2(2N-1_{J}},$ $0$ .
Remark.
$\Phi_{2}(\lambda)=|2\sqrt{2}(2N+1)a^{t}\sqrt{2}a^{1}002(2N+1)001$ $2\sqrt{2}(2N+1)a$
$quas^{\backslash }ideterlninant$ , .
$A^{a}+UA^{2}+VA+W=0$ $U,$ $V,$ $W$
2 ,
$\lambda^{3}+u\lambda^{2}-2(2N+1)\lambda-2^{l}u(2N+1)=0$ ( $u$ )
20
$\supset$- .







$x_{1}=x,$ $x_{2}=0,$ $x_{3}=-x$ ,
$f_{1}(z)$ $=$ $(x^{2}-(-x)^{2}(-x)^{-1}x)^{-1}z^{2}+(x-(-x)(-x)^{-2}x^{2})^{-1}z+0$
$=$ $(2x^{2})^{-1}z^{2}+(2x)^{-1_{Z}}$
$z$ $0$ , homological relation :
$|\begin{array}{lll}x_{1}^{2} x_{2}^{2} x_{3}^{2}x_{1} x_{2} x_{3}\fbox{}1 1 1\end{array}|$ $=$ $-|$ $x_{1}x_{3}^{2}a|^{-1}|_{\fbox{ }x_{3}}^{x_{2}^{2}x_{3}^{2}}||_{\fbox{ }1}^{x_{2}^{2}x_{3}^{2}}|^{-1}$
$-|\begin{array}{lll}x_{1}^{2} x_{2}^{2} x_{3}^{2}\fbox{}x_{1} x_{2} x_{3}1 1 1\end{array}|(x_{2}-x_{3}^{-1}x_{2}^{2})(1-x_{3}^{-2}x_{2}^{2})^{-1}$
$arrow$ $-(2x)^{-1}\cdot 0\cdot 1=0$ $(x_{1}arrow x, x_{2}arrow 0, x_{3}arrow-x)$ .




$=$ $(\begin{array}{llll}(2\lambda(N))^{-2} (2\lambda(N -1))^{-2} (2\lambda(N-2))^{-2}\end{array})\cdot 2(\begin{array}{lll}N+1 0 a^{2}0 2N+1 0(a\dagger)^{2} 0 N\end{array})$
$+(\begin{array}{lllll}(2\lambda(N))^{-1} (2\lambda(N -1))^{-1} (2\lambda(N -2))^{-1}\end{array})\cdot\sqrt{2}(\begin{array}{lll}0 a 0a\dagger 0 a0 a\dagger 0\end{array})$
$=$ $(\begin{array}{lll}\frac{1}{2(2N+3)} \frac{l}{2(2N+1)} \frac{1}{2(2N-l)}\end{array})(\begin{array}{lll}N+1 0 a^{2}0 2N+1 0(a^{|})^{2} 0 N\end{array})$
$+(\begin{array}{lll}\frac{1}{2\sqrt{2N+3}} \frac{1}{2\sqrt{2N+1}} \frac{1}{2\sqrt{2N-1}}\end{array})(\begin{array}{lll}0 a 0a^{|} 0 a0 a\dagger 0\end{array})$
$=$ ( $\sqrt{2}^{\dagger}$ $\sqrt{2-1}^{1^{\frac{1}{2}}}2\sqrt{22+3}^{1}a^{1}a$ $\frac{1}{2(2,2\frac{\ovalbox{\tt\small REJECT}_{N}^{1}+1N+3)a}{2(2N-1)}}a2$),
, $f_{2}(z),$ $f_{3}(z)$ $z=A,$ $x_{1}=x,$ $x_{2}=0,$ $x_{3}=-x$ ,
$P_{2}$ $=f_{2}(A)$
$=$ $(-x^{2})^{-1}A^{2}+I_{3}$
$=$ $-(\begin{array}{lll}\frac{1}{2(2N+3)} \frac{l}{2(2N+l)} \frac{1}{2(2N-1)}\end{array})\cdot 2(\begin{array}{lll}N+1 0 a^{2}0 2N+1 0(a^{\uparrow})^{2} 0 N\end{array})+(\begin{array}{lll}1 1 1\end{array})$
$=$ $(\begin{array}{lll}\frac{N+2}{2N+3} 0 -\frac{1}{2N+3}a^{2}0 0 0-\frac{1}{2N-1}(a^{t})^{2} 0 \frac{N-1}{2N-1}\end{array})$ ,
22











Proposition 11. $|A|_{*j}$ , 3 .
1, $|A|_{*j}=0$
2. $A$ $i$ $A$ 1
3. $A$ $j$ $A$ 1
Example 12.






$(\begin{array}{lll}\frac{1}{2(2N+3)} \frac{l}{2(2N+1)} \frac{1}{2(2N-l)}\end{array})(\begin{array}{lll}N+1 0 a^{2}0 2N+1 0(a^{\uparrow})^{2} 0 N\end{array})$
$-(\begin{array}{lll}\sqrt{22N+3}1 \frac{1}{2\sqrt{2N+1}} \frac{1}{2\sqrt{2N-1}}\end{array})(\begin{array}{lll}0 a 0a\dagger 0 a0 a\dagger 0\end{array})$
$(_{\frac{-\sqrt{}\frac{N+1}{22+12(2N+3)11(a}}{2(2N-1)}\dagger}a^{1})^{2}$ $- \sqrt{22N-1}^{a^{1}}-\sqrt{22N+3}^{1}\frac{1}{2,1}a$ $\frac{1}{-2(2\frac{N+3)N1a}{2(2N-1)}}\sqrt{22+1}^{a)}2$ .
$P^{2}=P_{i},$ $P_{i}P_{j}=0(i\neq$ . ,


















Theorem 13. $A=(a_{1j})_{*,j=1,\cdots,n}$ } ,
$A=(a_{1j})_{i,j=1,\cdots,k}$ .
, $p,$ $q=k+1,$ $\cdots n$ ,
$c_{n}=|\begin{array}{llll} a_{1q} A_{0} \vdots a_{kq}a_{p1} a_{pk} a_{pq}\end{array}|$ , $C=(c_{pq})_{p,q=k+1,\cdots,n}$
, (Sylvester’s identity) .
$|A|_{1j}=|C|_{1j}$ for $i,j=k+1,$ $\cdots n$ . (6)
($A_{0}$ $C$ pivot )
ExamPle 14.
$|\begin{array}{lll}1 a_{12} a_{lS}0 a_{22} a_{23}\prime 0 a_{32} \theta 3\end{array}|$ $(i,j=2,3)$
, $(1, 1)$ 1 pivot ,
$c_{pq}=|\begin{array}{ll}1 a_{1q}0 a_{pq}\end{array}|=a_{pq}$ $(p,q=2,3)$
,
$|\begin{array}{lll}1 a_{12} a_{13}0 a_{22} a_{23}0 a_{32} a_{ 3}\end{array}|=|C|_{ij}=|\begin{array}{ll}a_{22} a_{23}a_{S2} a_{33}\end{array}|$ $(i,j=2,3)$ .
4.3 (Theorem 8)
Proof. $A$ $A_{0}$ :
$A=($ $x_{1}^{n_{1}-1}x_{1}^{m}x^{n},1$
$\ldots$
$x_{n_{1}}^{n-1}x_{n}^{m}x_{n}^{n}$ $0001^{-}$ $z^{n-1}\sim z_{1}^{n}r^{m}:$ ), $A_{0}=(\begin{array}{ll}x_{l}^{n-1} x_{n}^{n-1}1 1\end{array})$
25
$p=1,2,$ $q=n$ $1_{\ovalbox{\tt\small REJECT}}n$ 2 , $A_{0}$ pivot quasideterminant $C^{1}=(c_{\ovalbox{\tt\small REJECT}})$
,
$c_{1,\text{ }+2}=|\begin{array}{lll}\text{ } \text{ }\fbox{}z\text{ _{}-1}2^{\text{ }} \vdots A_{0} 1\end{array}|=V$,
$c_{2,n+2}=|\begin{array}{lll}z\ovalbox{\tt\small REJECT} \text{ }\fbox{}\text{ } 2^{\text{ ^{}\ovalbox{\tt\small REJECT}}}1 A_{0} i 1\end{array}|=V(x_{1}, \ovalbox{\tt\small REJECT} x_{n}, z)=V$
, Sylvester’s identity ( 13) ,





$|$ r711 4 2$\ovalbox{\tt\small REJECT}$ 1 $\text{ _{}\ovalbox{\tt\small REJECT}}z^{n-1}z_{\text{ }}^{n}|$ $(\begin{array}{ll}(\text{ }+2,\text{ }+2)\text{ }1\text{ }pivot \text{ }s_{yl_{Ve8}t}id tity\end{array})$
$|x_{1}^{m_{1}-1}x_{1}^{n-2}x_{1}^{n-1}$
$8$




$T_{m-1}\prime z=f_{m}\prime r-c_{1,n+1}c_{2,n+1}^{-1}T_{n}^{\gamma}$ (7)
, $t_{n}’/=0$ ,
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